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Abstract. We establish a global geometric lower bound for the second fundamental 
form of the level surfaces of solutions to F{D^u, Du, u,x) = in convex ring domains, in 
terms of boundary geometry and the structure of the elliptic operator F. We also prove 
a microscopic constant rank theorem, under a general structural condition introduced by 
Bianchini-Longinetti-Salani in 2]- 



Solutions of boundary value problems for elliptic equations often inherit important geo- 
metric properties of the domains with the influence of the structures of the corresponding 
equations. One of these geometric features is the quasiconcavity. A function u is called 
quasiconcave if its level sets {x\u{x) ^ c} are convex. By the work of Gabriel [8j, the Green 
function of a convex domain is quasiconcave. The same is also true for p-harmonic func- 
tions in convex ring domains with homogeneous boundary conditions following Lewis [1^. 
Another example is the quasiconcavity of solutions to the free boundary problem arising 
in plasma physics in convex domains in the work of Caffarelli-Spruck [6j. The quasicon- 
cavity of solutions to nonlinear equations has been studied extensively in the literature, 
we refer [8l[l2l[5l[ini[IIl[6l[9l[71[l3l[3l[Ill[2] and references therein. The techniques of 
quasiconcave envelopes have been refined by Colesanti-Salani [6\, and more recently by 
Bianchini-Longinetti-Salani [3] to prove quasiconcavity of solutions to general degenerate 
elliptic fully nonlinear equations in the form 



in convex ring domain $7 = no\f^i (i.e. JIq CC J^i are convex) with the Dirichlet boundary 
condition 



The main focus of this paper is on the quantified properties of the quasiconcave solutions 
of equations of form (II. ip . More specifically, we establish a global a priori estimate on the 
geometric lower bound of the principal curvatures of the level surfaces of these quasiconcave 
solutions, in terms of boundary geometry and the structure of operator F. In addition to 
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1. Introduction 





(1.2) 



u\dno = 0) and u\Qn^ = 1. 
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the geometric interest, this type of estimates may be used via homotopic deformation to 
obtain the existence of quasiconcave solutions of the corresponding equations. We achieve 
this macroscopic geometric estimate through a microscopic Constant Rank Theorem for 
the smallest principal curvatures of the level surfaces for quasiconcave solutions. A simple 
microscopic convexity principle for level surfaces of solutions of equations in form (jl.ip is 
obtained in Theorem 11.31 under a general structural condition introduced in [3j to cover 
a larger class of nonlinear equations. A more refined version for the smallest principal 
curvatures of the level surfaces is proved in the last section of the paper. The main result, 
Theorem 11.41 is a consequence of this type of microscopic principle. 

Let us introduce some notation. Denote J/'n the space of real symmetric nxn matrices 
and let T C S^n be an open set. 

Definition 1.1. V € S"^^, denote 9^ the linear subspace in which is orthogonal to 6. 
Define .5^.^ {9) to be the class of n x n symmetric real matrices which are negative definite 
on 9'^. Denote {9) the subclass of {9) of matrices that have 9 as eigenvector with 
corresponding null eigenvalue. For any b € with t = {b, 9) > 0, define 



(1.3) Sgg{T) = |b G y^+i I B = ( ^ ) with B G ^°-(0) n T,x G m}. 



Denote J = (/„ |0) the n x (n + 1) matrix, where is the nxn identity matrix and 
is the null vector in M". Suppose F = F{r,p, u, x) is a function in T x M" x M x fi, 

y{9,u) G S"-i X R fixed, set 

(1.4) Tf = {(B,x) € ^g{T) X n : F(r^ JB"^ J^, t^^^, -u, x) ^ o}. 

The following was proved in |3]. 

Theorem 1.2. [Bianchini-Longinetti-Salani] Suppose F is proper, continuous, degen- 
erate elliptic operator which satisfies a viscosity comparison principle. Assume that for 
each {9,u) fixed, the super-level set Tp defined in jj.^p is convex. If u & C^(il) P| C(fl) 
with |Vu| > is an admissible classical solution of equation satisfying the Dirichlet 

boundary value il.2\) in convex ring domain Q, then level set {x G Q\u{x) ^ c} U f^i is 
convex for each constant ^ c ^ 1. 

The class of operators F satisfying conditions in Theorem 11.21 includes Laplace opera- 
tors, p-Laplace operators, the Pucci operator, and the mean curvature type equations of 
the form 

n 

(1.5) ^ aij{Vu,u,x)uij = f{Vu,u,x). 

A similar result was also proved by Bianchini-Longinetti-Salani in [3] under the assumption 
that, V0, u fixed 

(1.6) Ep = {(A,t,x) G T X (0,+oo) x Q : F(t"^A, t"^6', n, x) ^ O} is locally convex. 
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With this structural condition on F, a constant rank theorem was obtained in [2]. The 
convexity structural condition on F in Theorem 11.21 is weaker than the convexity struc- 
tural condition on 'Ep. In particular, the mean curvature operator (jl.Sp does not satisfy 
condition ()1.6p . Detailed discussion of these conditions as well as examples will be given 
in section 2. 

To establish a strict convexity estimate on the second fundamental forms of the level 
surfaces of solutions in Theorem 11.21 we need two assumptions: 

(1.7) ellipticity: (^F"'') := ^^;^(V^n(x), Vn(x), n(x), x)^ > 0, Vx G 0; 

(1.8) structural condition: V(0,n) fixed, the set Tp is locally convex. 
Throughout the paper, we assume 

(1.9) \Du{x)\ ^ do > o,y X e n, 

to ensure that the level-surface {x E Q\u{x) = c} is smooth for each c. 
The first result of this paper is a microscopic constant rank theorem. 

Theorem 1.3. Suppose u € C^'^{^) is a solution of ^1.1]) and {D'^u{x), Du{x),u{x)) € 
T X M" X (—70 + (50,70 + f^o) for some 60 (zM at x (z il,. Suppose that F satisfies conditions 
?! ) - il.8\) and the level set {x G Q\u{x) ^ c} U ili of u is connected and locally convex 
for all c € (—70 + ^Oi To + ^o) for some 70 > 0. Then the second fundamental form of level 
surface S'^ = {x G il|n(x) = c} has the same constant rank for all c E (—70 + ^0,70 + "^o)- 

We now switch our attention to global geometric bounds of the second fundamental 
forms of level surfaces of u. For a function u defined in domain fi, denote 

= {x G n\u{x) = c} 

to be the level surface. For any x G Ti^, denote Ks(x) the smallest principal curvature of 
the level surface T,^ at x. For each c G M, if S'^ / 0, set 

k'^ = inf K^(x). 

We will strengthen (|1.7|) to 

Qp _ 

(1.10) uniform ellipticity: 3A > 0, (-^ (D^n(x), Z)n(x), n(x), x)) ^ A(5q,^), Vx G ll. 

Set 

f I d^F{DMx),Du{x),u{x),x) 1 1 dF{D'^u{x),Du{x),u{x),x) 

(1.11) w = max — . 

Theorem 1.4. Suppose u is a classical solution of equation with the Dirichlet bound- 

ary value U.^) in convex ring domain il.. Suppose F satisfies conditions il.8\) - l[LT0\) at 
{D'^u, Du, u, x) G T X M" X [0, 1] x Q. Then 

\ A(c-l) 

(1.12) ^ min{K°e^^K^e^(^-i\^^^ }, VcG [0,1], 
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for some universal constant depending only on \\F\\(j2,n, X,dQ, \\u\\(j3. 

It should be pointed out that the convexity estimates carried out in this paper are very 
sensitive to the structure of the corresponding equation. For equations of the form (II. Sh 
with the Dirichlet boundary condition (|1.2p . the behavior of / is crucial. For instance, in 
the case of Laplace equation 

(1.13) Au = f{u), 

Theorems ll.3lfL4l are true when / ^ 0. In general, Theorem 1 1 . 3 1 does not hold if f{u) < 
in equation (|1.13p . even for / = — 1. 

The rest of the paper is organized as follows. In Section 2, we discuss the structural 
conditions and prove two key lemmas: Lemma 12.51 and Lemma 12. 6[ An auxiliary curva- 
ture test function is analyzed in Section 3. The proof of Theorem 11.31 - Theorem 11.41 is 
given in the last section, by establishing a strong maximum principle for the test function 
considered in Section 3. 



2. STRUCTURAL CONDITIONS 
We recall some notation and results in [3]. 

_ £^JJ L fO, 

n+1- 



Definition 2.1. V € ^, denote by s^q (T) the following open set in 5^, 



(2.1) i4-(T) = {A G : A=(^ ) with A G ^-(0) n T, > O} 

Properties of SS^ and their relationship have been studied in [3]. We list some of 
them which will be used in this paper, 
det A 7^ if A G s^q , and 

(2.2) ^-(T) = {A-i: Ae^iiT)}. 
If B = A~i G ^e{T), then 

(2.3) A = JB^^J^ and = ^• 
Set 

(2.4) Q = t^JB^J^, 

where B G ^g{T) and t defined in Definition 11.11 By symmetry of B, t = {b,9) = 

In what follows, we will use summation over repeated indices a, /3,7, ri,k, l,m, r, s G 
{1, n} and c, d, e, / G {1, n + 1} unless otherwise indicated. 

Lemma 2.2. [lemma 3.11 in [31/ Q defined in ^2.4\ ) is concave in B G ^g{T). Further- 
more 
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for any nonnegative definite n x n matrix {F°'^) and any (n + 1) x (n + 1) symmetric 
matrix (Xcd)- 

Proof. The concavity of Q has been proved in [3]. For any nonnegative definite n x n 
matrix {F°^^), there exist Ci; ' ' ' > Cn S M", such that 

[F-^) = ClCf + • • • + CnC. 

Therefore, / ^ fohows directly from the concavity of Q. □ 
For function F{r,p,u, x), write F°^^ = -^r—jF^^ = §^,-'' derivatives of F with 
respect to corresponding arguments. For the level set Tp defined in (jl.4p . denote the 
tangent space of F^? as 

rrF = {V = {{X,d), {Zk)) G ^n+i X M" : {V, V^^^,)F{t-'jB-'3^, t'^O, u, x)) = 0}. 
Write 

F{t-^JB-^3^,t-^e,u,x) = F{t-^Q,p,u,x). 
Condition (jl.Sp is equivalent to the fact 

^V^B,.)^^"^ ^0, V y = {{X,d), (Zk)) e TTp. 
A straight computation yields, 

/ F"^ do R FP" 

(2.6) V^F = (^-^{t^^-3Q^p5n+icSiciei)--^6n+icSid0s0i 

(2.7) = (F"S...,F""), 



yV?B x)F^^ = 75, {t r.S^ Xcd — 3QaBXn+ll0l){t-—^Xef — 3Q-yr]Xn+ls0s) 

— 2 — ^cd — 'iQal3Xn+lrGr)Xn+lsOs 

t OrScd 

dBcddB^f^'^'^'f ~ ^^^^n+llXn+lsOie, 

~^ -t^ ^ -^cd — '^'QaBXnJrir9j.)Xn+ls0s 

t O-Dcd 

ppsQ^ FP^'P^^OgO^ 

+2 — p — Xn+llXn+lr-dlOr H ^ Xn+llXn+ir6i9r + F^^'^^Z^Zi 

(2.8) +2 — {t^r^ — Xcd — 'iQapXn+lrOr)Zk — 2 75 Xn+lsOsZk- 

t OOcd t 

This expression suggests us to set 

(2.9) Xai3 = t '^(y^ t Xcd - 3Qa/3 Xn+uOl), Y = — Xn+lgOs- 

c,d I s 

For 

V={{Xcd),{Zk)), H{V,V) = VVl^^^^FV^, 
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H{V, V) can be written as 



H{V,V) = F^^'^^X^pX^^ + 2F''^^P^0iX^pY + 2F"^'^^X^pZk 

+FP''P''eiesY'^ + IFP^'^^^OiYZk + F^'^'^'ZfcZ; + 2tFP^eiY'^ 



(2.10) 



'^F'^PQ^pY^ + 



t3 



where Einstein summation convention is used and / is defined in 
have proved 



At this point, we 



Lemma 2.3. Condition is equivalent to H(y,V) <^0, \fV = {(Xcd), (Zk)) G TTp, 

where F"''''"^ , etc. in / fCTI) are evaluated at {t-^Q,t-^e,u,x). 

We may now compare condition (II. 8p and ()1.6p . these are the two structural conditions 
introduced in [3J {Condition (3.10) and Condition (1-2) there). As already discussed by 
Bianchini-Longinetti-Salani in [3], a variation of these two conditions can be compared 
(Theorem 3.12 in [3j). In fact, the following is true. 



Corollary 2.4. The condition (II. Gh that "Bp for each d,u is locally convex implies condi- 
tion (fLSl). 



Proof. Lemma 4.1 in |2| states that condition (II. 6p implies H{V, V) ^ t~^I where H{V, V) 
is defined in (j2.10p and / is defined in (12. 5p respectively. The corollary follows directly 
from lemma 12.21 and lemma 12.31 □ 



The quantity / defined in (12. Sp is a crucial term. We wish to compute this term explicitly, 
so it can be used in the proof of main theorems in the last section. For our purpose, we 
set ^ = (0, • • • , 0, 1). In this case, A and B can be written as (see [3]) 



(2.11) 



(2.12) 



B 









X 


\ 


















X 







X • • • 


X 


X 




v 


••• 







/ 


/ 









X \ 





















X 




••• 








t 


V 


X • • • 


X 


t 


X J 



where the (n — 1) x (n — 1) matrix (ojj) is negative definite and can be assumed diagonal, 
(a^^) is the inverse matrix of (atj), t = Bn+i,n = ^ > 0- The values at the positions 
denoted by x which are not important in the calculations. 

Note that Bin = Bni = 0, ^ I ^ n. We may as well set 

Xin = Xni = 0,yi^n. 
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Denote 

= (B-Xa = A„0, T := {1, n - 1}. 

We compute 

by breaking summation into the following three parts. 

Case 1. a, /3 G T. We can see if c = n, then d must be n + 1, as 5'*+^'' = 0, 

2 ^ eB'^'^B^B^^X^iX^i - AtB^^B^^X^i^X^+iri + 2F°°S°«X2^i„ 

iGT 

(2.14) = ^iitB^'B^'^Xia - B'^Xn+inKtB^'B^^Xi^ - B'^Xn+m)- 

Case 2. a = n, P e T or P = n,a E T. As 5""+^ = ^, 

2 ^ t^B^^B^'B^^X^iX^i - AtB'^'^Bf^l^X^pXn+in + 2F'*"5"'^x2+i„ 

= 2fB''''Bf%B^^Xcf} + S"^Xc„)Xe/ 

_4i5nc(^/3/3^^^ + B^^X,n)X^^ln + ^B^^ Xl^^^ 
= 2i2fi-(^ ij/^S^'^Xe/J + Bf^+'B^f'Xn+ln)Xef 

= B^^Bf'^B^^X.pXef + B^^+^B^'^B^^X.pXn+in) 

-At^B^'^B^^XcfiXn+in 

(2.15) = 2^-l.(ii?"i?'^'^X,^-i?^^X„+iJ(t^K"i?"^XeO. 

ieT cj^n 



8 



PENGFEI GUAN AND LU XU 



Case 3. a = 13 = n. 



nn Y V 



dBcdOBef 

A4.2 \ ^ / rjnn rjn+lc ijdn v- v i Tjnn+l rync rydn v \r \ 

4l 2^ [a a a Acd-^nn+l + -D n n AcdJ^n+ln) 

c,d^n 

+2*2 B^'^B^^B'^'^XcdXef + 2t2s""(S"'^+^5"+i'"X„„+iX„+i, 



c,d,ej^n 

I Tjn+ln+l Tynn -u- \r , Tjn+ln ryn+ln , jynn+l rynn+l 

— 4r ^ ±J ±J Acd-^n+ln - otU U ^n+ln + ^n+ln- 
c,d^n 

It follows from the facts that = i and S^+i^^ = 0, V/3 / n, 

dBcddBef 

= 2*^Z] F'^'^B'^^B^^B'^'^XidXei 

ieT d,e^n 
Tpnn 

(2.16) = 2^— 



5» 



Set 



(2.17) := tB^'B^^'Xi^ - B^^X^+m, ^a^T; Yin := tB^' B^'X,,. 

Combining (I2l4l) . (l2l^ and (pl6]l . for 6* = (0, • • • , 0, 1), / in ([23]) can be written as 

(2.18) I = 2Y,^Y,aY.^, 

ieT 

where Yia, V a S {1, is defined in ()2.17p . 

We wish to express / in terms of Xai3 and A. Recall Q^/? = t'^B°'^ , 

(2.19) ^ = ^^^^ = -t^B-^B^^ + 2tB-Hn+r,5nd, 
dBcd oBcd 



(2.20) ^ ^ 0^°^ ^'^'^ ~ ^^"^^ ^ ^n+ll&l = —t^ ^ B'^^B^^Xcd - B""^ Xn+ln- 

c,d I c,d 



By (USD 

(2.21) = -tB'^^B^^X.d - B"^Xn+i,n, 1 ^ a, /3 ^ n. 
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Extending the definition of X as (n + 1) x (n + 1) symmetric matrix by setting 

(2.22) t^Xef = -tB'^B'^fX.d - B^fXn+i,n, 1 ^ e, / ^ n + 1. 
Since Xna = 0,\/ a ^ n, and B^^^'^ = A„+i^c = 0, V c 7^ n, 

~ 2 2~ 

(2.23) X„+i,c = 0, V c / n; Xn+l,n = -^Xn+i,n = -Y . 

In this setting, X^ can be recovered using the formula below, 



(2.24) X,a = -tA^'Af^'X^f + -^Xn+i,n, 1 ^ c, d ^ n + 1. 

From the relationship B = A^^, and the fact that (n — 1) x (n — l)-matrix {Aa/3) is 
diagonal, we have Bn+i,i = Hence from OTTll . 

(2.25) YiQ, = t AiaXj^^i^n ~ t Xio^. 

It follows from (f2l8]l and ^a?M . 
Lemma 2.5. For ^ = (0, • • • ,0, 1), if (^4^^) is diagonal, then I in h2. 5|) can he written as 

(2.26) I = ^Y^^YiaYip, 
where Yia is defined in i2.25\} . 



From ((221), UJ^ and (|2:9]) . 

< y, V(B,,)F >= + F""y + F-^Zfc 

y = ((X,d), (Zfc)) G 7T^ if and only if 

(2.27) F^f^X^i^ + F""y + F^'^Zfc = 0, 

where X^is, Y as in (j2.2ip and (|2.23p respectively, and F°-I^,F'^" and F^*" are evaluated 
at {t-^A,t-^e^u,x) with 6* = (0,- • ,0, 1). 

Set V = {{Xcd), [Zk)) where {Xcd) defined by ^(TT^ with ([2:23]) . rewrite (l2J0]l as 

(2.28) i^(^^,V^) = ^ + S, 

where / is defined as in ()2.26p . 

S = F"'^'^''X„;3^7^ + 2F"^'P"X„^y + 2F"^'^'=X„;3Zfe + FP-P"y2 

(2.29) +2FP^'''''Y Zk + F''>"'''ZkZi + 2tFP"P + etF^^X^/j? - 6tF"^^„/3p, 
and F"'',^"", F^" etc. are evaluated at (r^ A, t^i6', n, x), A G ^„"(6') n T. 

By (ITM and Lemma ESI 
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Lemma 2.6. Condition (jl.Sp is equivalent to 

H{V,V) ^ 0, V y = (Zk)) satisfying (M^. 

By approximation, if Condition (|1.8p is satisfied, then 



for every V = {(Xcd), (Zk)) satisfying \2.2T^ at each A G S^n (6) fl T diagonal, where 
{0) is the closure of y~{6), with Y^a = when atk = for some k ^ n — 1. 

With the exphcit expression of H in Lemma [2. 61 we may verify condition (II. Sp for mean 
curvature operator and general quasilinear operator F satisfying structural conditions in 
|14j . Condition (jl.6p is not satisfied by mean curvature operator as indicated in [3j. It 
was verified there that for n = 2, the Mean Curvature operator: 
(2.30) 

FiD\, Du) = Div{ , ) = , - y , = f{u) > 0, 



satisfies condition (II. Sp . but not (II. 6|) . Here we verify this fact for general n. Since 
condition (|1.8p and (jl.6p are invariant under orthogonal transformation, we may as well 
set Du = (0, ...,0,Un), (uij) is diagonal for each i,jGT = {1, ...,n — 1}. We also note (uij) 
is negative definite. According to ()1.4p . = Dn, where = (0, ...,0, 1) and t"^ = n„, 
J^-ij^ = n-^(Z)2^t). Since the mean Curvature operator F in (I2.30p is homogenous of 
one degree, S in (I2.29P can be calculated as 

(2.31) S = 2F"^'""X„/3y + F""'""y2 ^ 2 + 6 X^pY - 6u-^FY^ 

From (12:271) . F = ((A^d)) satisfies 

(2.32) = {V, VbF) = F'^'^Xap + F""?. 
A straightforward calculation yields that 

where W = y'l+jDu^. It is easy to check that 5 ^ is violated for some Xa , Y 
satisfying (|2.32p . On the other hand. Lemma 4.1 in [2j implies that S" ^ if condition 11.61 
is satisfied. Therefore, F does not satisfy condition (|1.6p . 
However, from (|2.26p 

(2.34) / = 2UnY^^YaYi^. 

For the mean curvature equation, it can be computed that 

(2.35) Yia = -t^Xia + 2t^UioXK^, yi,a£G. 
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By (|233D . (|23iD and (fOSj) . and the facts that uu < 0, F ^ 0, 
H = S + Iul 

jpii 

r2 



Mf, 



3 + 6u„^ ^~2 



^ 0, 

That is the mean curvature operator F satisfies condition (11.80 by Lemma 12.61 This 
example indicates that the term I is the key. The verification of condition p.Sp for the 
quasihnear operators considered in [IH [TJ] can be done in a similar way, we leave for the 
interested reader to check them. 

3. THE TEST FUNCTION 

The proof of our main results relies on the establishment of a maximum principle for cer- 
tain appropriate curvature test function. This section is devoted to discuss some regularity 
and concavity properties of the proposed test function. 

We will assume u G C^'^(il), |Vn| > and {x € i^\u{x) ^ c} U J^i is locally convex in 
the rest of this paper. 

We recall some of formulas related to the Weingarten curvature tensor of level surfaces. 
Suppose u is a function defined in an open set in M", assume that Un{x) ^ 0. The upward 
inner normal direction of the level sets of u is 

(3.1) ra= |j.^"^ {ui,U2,...,Un-l,Un)- 

\JJu\Un 

It's calculated in pj that the second fundamental form // of the level surface of function 
u with respect to the upward normal direction (|3.ip is 

I^^^K^n^U ~^ ^nn'^i^j UnUjUin UnUiUjn^ 



(3.2) hij = ttTTlTs — — ' z,j^n-l. 



Note that as {x G Q.\u{x) ^ c} U Oi is locally convex, the second fundamental form of 
E'^ is nonnegative definite with respect to the upward normal direction ()3.ip . For Du is 
as the same direction as n, thus we have Un > ^ locally. ()3.2p implies that the matrix 
{uij{x)) is nonpositive definite. 

Denote a(x) = (ajj(x)) the symmetric Weingarten tensor of S"^^) = {y G il|n(y) = 
u{x)}. Our assumption implies that a is nonnegative definite. Since Un{x) / 0, following 
[4], the Weingarten tensor can be computed as (see [2]), 

o^ -h - Er=/ u.,uihji _ J2?=iUjUihu E?,k=iUiUjUkUihki . _ 
[6.6) a,,-n,j ^(i + ^^^2 w{l + W)ul^ W\l + Wyui ' ''-^ ^ ' 
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where W = {1 + \Vx'v\'^) ^ and x' = {xi, • • • , Xn-i)- 
Set 

(3.4) a = a- 7]og{u)I, % > 0, g{u) = e^" 

where ?yo ^ and A ^ are constants to be determined later such that a ^ 0. 

Suppose the minimal rank / of a is attained at some interior point xq. Let O be a small 
open neighborhood of xq such that for each x € O, there are I "good" eigenvalues of (Sjj) 
which are bounded below by a positive constant, and the other n — l — l "bad" eigenvalues 
of (ajj) are very small. Denote G be the index set of these "good" eigenvalues and B be 
the index set of "bad" eigenvalues. For each x € O fixed, we may express [aij) in a form 
of (|3.3p . by choosing ei, • • • , e„_i, e„ such that 

(3.5) \Du\{x) = Un{x) > 0, {uij{x)),i,j = 1, ..,n — 1 is diagonal. 

From (j3.3p and (j3.4p . the matrix (ajj), i, j = 1, .., n—1 is also diagonal at x, and without loss 
of generality we may assume an ^ 022 ^ ••• ^ On-i.n-i- There is a positive constant C > 
depending only on ||?i||(74 and O, such that an-i,n-i ^ a„_2,n-2 ^ ••• ^ ^n-i,n-i > C for all 
x G O. For convenience we denote G = {n — l,n — l + l, ...,n — 1} and B = {1,2, n — l — l} 
be the "good" and "bad" sets of indices respectively. If there is no confusion, we also denote 

(3.6) B = {au, ...,an-i-i,n-i-i} and G = {an-i,n~i, ■■■,an-i,n-i}- 

Note that for any 6 > 0, we may choose O small enough such that ajj < 6 for all j & B 
and x £ O. 

The following two functions are of fundamental importance in our treatment. 



(3.7) p{a) = ai+i{aij), q{a) 

We consider function 

(3.8) 0(5) = p(a) + q{a) 

where p and q as in (j3.7p . The function (p was first introduced in [Ij for the Hessian of 
solution u, and for Weingarten tensor o in j2]. Here we adopt it as a function in a. 

We will use notion h = 0{f) if |/i(a;)| ^ Cf{x) for x £ O with positive constant G 
under control. Again, as in [Ij, to get around p = 0, for e > sufficiently small, we instead 
consider 

(3.9) (/.e(5) =</.(Se), 

where = a + el. We will also denote Ge = {da + e, i G G}, = {da + e, i € B}. 

We will write p for p^, cj) for (j)^, q for q^, a for a^, G for G^, B for i?e with the 
understanding that all the estimates will be independent of e. In this setting, if we pick O 
small enough, there is C > independent of e such that 



0, otherwise. 



(3.10) 



^{a{z)) ^ Ge, ai{B{z)) ^ Ge, for ah z G O. 
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In what follows, ■ ■ ■ will be denoted as indices run from 1 to n — 1 and the Greek 
indices a, /3, • • • will be denoted as indices run from 1 to n. Denote 

ox a OXaOXp OUaj3 

We also denote g = e^", 

(3.11) '^<^= Yl |V«ul+<^' 

i,jeB 



and \/j G B, 



(3.12) I,=Y,[-2ul Yl ^^^%^ + 4^K.X^"«^^=" + 2<-^''^^^] 
and 



Jlj — 12 ^ ^ UnaUjn'Ujj ~t~ 4 ^ ^ F"^ UjnaUnUjj '^UnnF^'^ 



4 



n n 



F" Clj^j^aOdj^ ^ 



-T/o ^ F^'^gai^ul + 4Tyo ^ F^^'gaUjnul - 2rjo ^ F"''^UnagpUn 
n n—1 

) - 2??og(y^ F^^)u'^jUn 
a,l3=l i=l ieB 

n 

(3.13) -2r?o<7 ^ 

a,/3=l iGG """" 

and 

(3.14) J2j = 2F"^'"^ + 2F"""J UjnUjj + 2F"^ '^^ + F^'ujj 

+F'''uinU-^Ujj + 2F"^Uj„u-^Ujj + - ijoF'^'giUn. 

Lemma 3.1. Suppose u G C^'"*^ zs a solution of equation with |Vn[ > 0, then cp G 

C^'^(O). For any fixed x £ O, with the coordinate chosen as in i&.5]) and i&.b]) . 

(3.15) = HG) + + o(^^), 

'^il-oj 
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and 



j€B 



aKB\j) - a2{B\j) 



al{B) 



n 



a,/3,7.»?=l 



«,/3=l 

+ 2 U 



«,/3=l 



2j 



a,/3=l 



,/3=l ie-B 
n 



a,/3=li=/=j,i,j€B 



Ij, Jij and in (j3.16p are crucial terms. Some fine analysis of these terms are the key 
in our proof of the main results. 



Proof of Lemma 13. 11 For any fixed point x € O, choose a coordinate system as in (j3.5p 
so that |-Du(x)| = Un{x) > and the matrix (ajj(x)) is diagonal for 1 ^ i,j ^ n — 1 and 
nonnegative. From the definition of p, 



(3.17) -Jl-^^g = = 0{n^),yj eB; p^ = (Ji{G) ^ „ + 0{ 



By ^M, 



Pap = CTi 



ieGJeB 



(3.18) 

jS-B i&G,jeB 
Since = at x for k = 1, - ■ ■ ,n — 1, from ()3.3p . and for each j G i?, 

^n^jj,ci:l3 — ^n^jjaf} 2Un{'anl3'^jja ~l~ '^na'^jj fs) ~l~ 2Un{Ujci'anj P ~l~ "^j p'^nja') 
2'UnUQ^jj 

~ 2riogUjaUjpUn - ^VO'^niUnagp + ^in/^S'a) 
n— 1 

(3.19) -Tlogi^ulunaP + QUnaUn^Un + ^ UiaUi/sUn) + ©("H^). 
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From the definition of aij, 

(3.20) '^n'^ija — ^n^ij^cn ~t~ '^nj^ia ~i~ '^ni^ja ~i~ '^ncx'^iji ^ ^ij ^ ^ I5 

and 

(3.21) Qij^a = a-ija - VogaSij, ^ i,j G B, 



(3.22) F"^ 



a 



a,B=l 



a,/3=l 



n-1 



i=l 



Break summation as ELi ^""«na = (i:a,/3=i " E;^=1 Ea=i)^"'^«"/3, Vj G 

n n n— 1 n n 

«,/3=l «,;9=1 /3=la=l 0=1 

n n n n—1 n 

a,/3=l o,/3=l a=l/3=l a=l 

and by (lOOl) . for j G 

n n—1 



0=1/3=1 0=1 ^iG-B jgG ^ 

n 

a=l i£B 
n 

+ Y,Y, ^"''i~^nO'i3,a + UiaUjn + UjaUin) + O('H^) 
a=l i6G 

n n—1 

-"n E E + E + 2^"i(E ^"'^™) + E 

0=1 iGG ieG i=l ieB 

n—1 n n 



i=l i=l a.=l 
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UjnUjj < - -jj 



a,B=l 



u: 



nj 



n— 1 n— 1 



Put above to ([322]), 



a,/3=l 



4E^' 

a,/3=l 



-^n E ^"'^{UaPjj + QUaf3jUnjUn-QUaf3ulj) 
a,l3=l 

n 

+Aulunj E E + . ^ F^^n^i + 2u% F^'uii 

a=l ieG i£G ieB 



-12 ^F^'^ 



'n 



a=l 



a=l 



n-1 



UiaUifjUji) 

a, (3=1 i=l 



(3.23) 



-2% 



a,/3=l 



a=l 



Since Uij^a = o-ij^a for i ^ j, 



(3.24) J] 

a,/3=l 



F°'^aij,a0.ij^l3 _ ^ F'^^aij^aCiij^f^ an _ ^ F"l^ aij^^aij^p ^ ijog 



(1 + ^). 



(iron . (I3:23]l and (fCTD yield that, for each j G 5, 



= F-/^aKG)E(a,,,«;3-r?o5«/3)-2 ^M:^^^ + o{n^) 



u. 



a,B=l 



(3.25) 



a,/3=l 



where Ij , Jij as in (j3.12p and (|3.13p . 

For each j ^ B, differentiating equation (jl.ip in ej direction at x, 



(3.26) 



E + F""nj„ + + F^^' = 0, 
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(3.27) - ^ F'^^UalSjj 



a,/3,7,J7=l 



o,/3J=l 



o,/3=l /,s=l 
n n 



1=1 



It follows from (j3.20p that, at x 

n n n 

- ^ F"V/3ii = F''^^^^u^^,u^r,j + 2 YiP'"^'''"^j-P^nj + F'^^^^^u^^,] 

a,p=l a,/3,7,r)=l a, (5=1 

(3.28) +F""'""'u|„ + 2F""'^^Uj„ + F^^'^^- + 2 + J^j + 0{n^), 



Ur, 



where J2j is defined in p.l4p . 

Since Uapjj = Ujjai3, from (I3.25P and (I3.28j) . 



jS-B a,/3,7,»7=l a, 13=1 

+2 ^ F°^'^^Uj,,/3 + F""'""4„ + 2F""'^^Uj„ + F^'^'^^ + 2 uf^jn^ 

a,/3=l 

n n 

(3.29) +6 ^ F'^^Uja^UjnUn F'^^u^pu]^ + + Jij + J2i] + 0{n^). 

a,p=l a,f3=l 

The fact q G (^^■^(C') follows Corollary 2.2 in [Ij. Also by Lemma 2.4 in P, 

af(i3|j)-^2(5|i). 



(3.30) 



and 



dq ^ 

= — = 2^ 



dXa 



jeB 



-Cljj^a 



lap 



E 



cyl{B\j) - a2{B\j) 
al{B) 



^jj,aP 2 Y2 

ieG 



1^ ie-B jes jgb 



(3.31) 
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Following the same computations as for p, we get 

n 

a, (3=1 

= E — 2/ 3 ~ ( ^ ^'"'^UaPjU^'qj + 2 ^ F ^' "UjapUjn 

jeB 1^ ^ " a,/3,7,r7=l a,l3=l 

a,/3=i ^ 

n n 
+6 ^ F°'^Ujal3UjnUn " 6 ^ F'^^Uaf^Uj^ + /j + Jlj + J2j 
a, 13=1 a,l3=l 

37m Yl Yl P"^WiiB)aii,a - an ^ ajj^a] [(7iiB)aii^p - an ^ a^j- ^] 

"^1^ ' a,l3=lieB jeB j£B 

n 

The proof of the Lemma is complete. □ 

4. Proof of Theorems 

We want to show a defined in (13. 4p is of constant rank. Theorem 11.31 corresponds to 
the case t/q = 0. As for Theorem 11.41 set 

(4.1) n^ = {x£ n\0 < Ks{x) < T-r^.} 

We indicate how the constant rank theorem for a would imply Theorem ll.4[ If minlK*^ ,k^} = 
0, the strict convexity of level surfaces T,^ for c € (0, 1) in Theorem 11.41 follows from Theo- 
rem ll.3l We may assume min{K°, k^} > 0. By Theorem 1 1.4i a is strictly positive definite in 
Cl. That is, Ks{x) > 0, Vx E Cl. By the continuity, Hsix) has a positive lower bound (which 
we want to estimate). Increasing ijo from to the level that a is nonnegative definite 
through out flj^ but degenerate at some points xq. (jl.l2|) follows easily if the degeneracy 
happens outside or on the boundary. If the degeneracy happens at an interior point 
xq of r^ro, the goal is to show that a is degenerate through out the connected component 
U of r^ro containing xq with the same rank. If this is true, k,s{x) = constant,\tx € P| [/. 
Theorem 11.41 would follow. Furthermore, the closure of S"*^^^ P| U can not intersect the set 
{z G Vl\k,s{z) = YoH^} fo^' ^'^y X ^ U, since by definition His{x) < jg^. This would imply 
that if the degeneracy of o happens at an interior point of O^, the connect component 
U of containing that point is exactly the set Uco<c<ci some ^ cq < ci ^ 1, 

and Hsix) = constant, Vx € Ti^. Therefore, T,'^ is a round sphere for each cq ^ c ^ ci. 
The task now is to prove the rank of a is constant. That is a consequence of the following 
proposition. 
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Proposition 4.1. Suppose u € C'^'^ is a quasiconcave solution of equation II 1-1]) and F 
satisfies assumptions in Theorem \1.3[ If the second fundamental form of T,^ of solution u 
attains minimum rank I at certain point Xq G 0, then there exist a neighborhood O of Xq 
and a positive constant C independent of cj) ( defined in i3. 8]) ), such that 



(4.2) 



F'^^Kpi^) ^ C{(l,{x) + |V<A(x)|), V X G O. 



a,l3=l 



If in addition F satisfies the uniform ellipticity condition \1 . 1 0|) in O C then there 
is A depending only on \\F\\(j2,n, X,do, \\u\\q4(^^^, such that ifa{x) defined in 1^3.4^ attains 
minimum rank I at certain point xo € O, then inequality ^-^ true for all x ^ O. 



Proof of Proposition 14. IL Suppose the minimum rank / of a is attained at an interior 
point xo, and we may assume I ^ n — 2. Let O be a small neighborhood of xq. Lemma 
Oand dlSl) implies (p £ C^'^iO), (p{x) ^ 0, (p{xo) = 0. For e > sufficient small, 
let (p^ defined as in ()3.9p . we want to establish differential inequality ()4.2p for (j)^ with 
constant C independent of e in O. For each fixed x G O, choose a local coordinate frame 
ei,-- - ,e„_i,e„ so (j3.5p and (|3.6I) are satisfied. We will omit the subindex e with the 
understanding that all the estimates are independent of e. From Lemma |3. 11 



jeB 



{Sj + Ij + Jlj + J2j} 



l" 

7^ X] ^ F"'f^[ai{B)aii^a - an ^ ajj,J[cri(S)aii,/3 - an ^ ajj^p] 



a, (3=1 i€B 



jeB 



1 " 

(4.3) -77m E E i^"''5.,,a%/3 + 0(^</,), 

'^^^ ' a,l3=liy^j,i,jeB 

where Ij,Jij,J2j are defined in ()3.12p . ()3.13p . ()3.14p respectively, and, 

n n n 



J-ja/^ 



a, 13=1 



a,l3=l 



(4.4) + 6 ^ F 



in - 6 ^ F^'^UafSu'j^ 



a,/3=l 

In the coordinate system (|3.5p . 



a,B=l 



(4.5) 



t = Uj^^ , D'^u{x) = t ^A, Aij = tuij 



= (O,..,O,1) 
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For each j ^ B, set 

= Ua/BjUn', V «, /3 € G U {n} with (a, /?) 7^ (n, n), 
= '^UapUjn', VaSi?orV/3Gi3, 

For such V = {{X^0),Y, (Zk)) , by ([326]), 

= F'^'^UaPjUn + F^'^UjjUn + F""nj„ti„ + F^^Un = 0. 

We need the following lemma. 

Lemma 4.2. Under the coordinate system 1^3. 5)) at x with V as in (14. 6p . i/ien 

ull = lj + 0{ujj), 
where Ij defined in iS.l^} and I defined in i2.26\) . 

Proof of Lemma 14.21 Since ua = —auUn for i & G and {uij),i,j = 1, .., n — 1 is diagonal 
at X. By (I3J2D and (f3:20D . for each j £ B, 

I, = ^[-2n^ Yl ^"''"j'.'.""'^'^ +4n^„,^F-a.,,. + 2n^^.F--n,,] 

= [2< ^ - SUnUnj ^ + 8<j. ^] + 0{Ujj) 

2 F'^^ (uijo^Un ~ '2'UiaUjn){Uiji^Un — 2UifjUjn) ^ Q(^y^ 

By (gSI), (E^Sl), ([2:25]) and M . 

^ia = 0, V i G 5; Yia = -{UijaU'^ - 2UiaUjnU~'^),y i & G,a ^ B. 

Therefore 

(4.8) ull = 2Y,Y1 ^YiaY,^ui = I,+0{uj,). 



□ 



We now finish the proof of the proposition. 
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In case of Theorem 11.31 since r]Q = 0, ujj = 0{(j)),\/ j & B, a = a. ()4.3p gives 

= l^^n + -^27^. K^j + h) 

1 " 

^Ib) ^ ^ '■^^ {B)aii^a - an ^ ajj^a] Wi {B)aii^i3 - an ^ ajj^i3] 

'^^^ ' a,l3=lieB j£B i&B 

1 " 

(4.9) -77m E E ^"^«..,a«u,/3 + 0(^<^). 

In fact for each j £ B,hj (gSl) and dS^Q]), 

= Ual3jUn + 0{'H^); M a ^ B OI ^ j3 & B , 

(4.10) = UapjUn] V a, /3 € G U {n}, (a, /3) / (n, n) , 

Lemma 14.2^ condition (ll.Sp and Lemma 12.61 imply 

(4.11) S,- + = H{V, V) + 0(?^^) ^ o{n^). 

By the Newton-MacLaurine inequality, C ^ ct/(G) + ^ 0. Condition (fTTfl) 

implies that there is (5 > 

(4.12) (F"^) ^ V X G O. 
Combining (f49]) . (IUTI) and (|4T2]l 

X n 

(4.13) ^ ^^(0+ E - 77m EE"' 



i,jeB ^ ' a=li^jeB 

J. n 



0'jj,aj 



~^37m E J2^M^)an,a -au^. 

1^ a=l ieB jeB 

Finally, by Lemma 3.3 in [T], the term '^ZijeB l^^ijl "^^^ be controlled by the rest terms 
on the right hand side in ()4.13p and (j)+ |V</>[. In conclusion, there exist positive constant 
C independent of e, such that 

(4.14) ^ C(0+|V</.|). 

Proposition [47T] is verified under the assumptions of Theorem ll.31 Therefore, Theorem 
11.31 is proved. 

The rest proof is to deal with the case r]Q > 0. In this case, since Ks{x) > for all 2; E 
by Theorem 11.31 Since O C 0,^, 

(4.15) o<Ks(x) < -^,VxeO. 
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For each j G B, it follows from (jOj) . ([3:20|) . ([SJl]), and the fact Uf, = for all ^ n-1, 

(4.16) Xap = UapjUn, V o, /3 G G U {n}, (a, /?) / (n, n), 
In view of (|4.16p . 

(4.17) Uai3jUn = X^p] V a, /? G G U {n}, (a, /3) / (n, n) , 

Notice that ujj = —r]ogUn + 0{(j)), \/ j G B. Substitute UapjUn by formula ()4.17p in 
Sj defined in (|4.4|) . We need to track the terms with factor T^gS'n- They are coming 
from ^ ^ F'^^^'^^Ujai^Uyrfju'^ only. In turn, the coefficient in front of rj^g"^ can be 

controlled by, say 50wr]QU^, where zu is defined in (jl.lip . By Lemma condition (jl.Sp . 
Lemma 12.61 and the assumptions of Theorem 11.41 there exist constants Cq,Cq depending 
only on A, ||F||c2,do5 ll^^llcs such that 

Sj + Ij ^ H{V,V) + 50wvlgWn + Cl,Vo\9n\ + C'f;m9 + 0{n^) 

(4.18) = (50ror/o5)^No5«n + CoArjogUn + Go'r/o5 + 0{n^). 
Since F"" ^ A, by (l3J3]l and (fXTiD . 

Jlj + + ©(-Ujj) ^ -r/oF""5nnU^ + r/oG( I + 7?oG25 + 0('/') 

(4.19) ^ -r/o5A^^n^ + r?o5^C;V + %G^^/ + 0((^), 

where G{,G"G2 are positive constants depending only on n,do, \\u\\c''>(n)A\P\\c^- Note 
that rjog ^ Ks(x) < jf^, it follows from (14.151) that 

(4.20) Sj + Ij + + + 0{ujj) ^ ^ (- A^Au^ + C'sA + C^) + 0(?^<^) . 

where C3, C3 are positive constants depending only on n, do, \\u\\c'-i(n), ll-^llc^- Since Un ^ 
do > 0, we may choose A large enough in (|4.20p depending only on n, 1 1""! Ic3(n); ll-^llc^; 
such that 

(4.21) Sj + Ij + Jij- + J2j + 0{ujj) ^ OiU^). 
By g31) and g2Il), 

(4.22) ^ C{<t>+Yl - 77m E E 4" 

S n 

"o^TbT E '^{(^i{B)dii,a - an ^ aij,a)^. 

As in the case of r/o = 0, the same argument yields (j4.14p for d. Thus Proposition 14.11 
is validated under the assumptions in Theorem 11.41 □ 
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We remark that Theorem 11.41 covers all quasilinear equations satisfying structural con- 
ditions (ll.Sp - ljl.lOp . Therefore, it covers the quasilinear equations treated in [r4J from 
the discussion in Section 2. In particular, -cu = if F is quasilinear. In this case, ()1.12p 
becomes 

(4.23) ^ min{K°e^"; K^e^^^-i)}, V c G [0, 1]. 

From the proof above, the strong maximum principle concludes that if " = " holds for 
some Co G (0,1) in (I4.23p . then Ks{x) = constant for all x G and Vc G (0,1). This 
implies that T,'^^^^ is a round sphere for every x G The same conclusion is also true if 
condition (II. 6p is held. Note that zu was used only in (14.18P to get ()4.20p . It's proved in 
p] that Sj ^ under condition (II. 6p . In that case, one may take tu = in (j4.18p . 
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